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x—b~

x—a*

LR NN (a,b) yOpn NMHNN D IRIN

79 WWW.GOOL..cO.il 95 103291 1T 110702 NN 1NaY
© MO N — N AND




5 P19 GOOL 11T VOVN - TPEPND HY MDNT

L F(0)=-1, f@Q) =4 NOOPNRN, NN MSPNS f:R - R N (26
.S={xe[0,]] f(x)=0} >Nn
DPPIND S-vINDIN LN
. NADIV POY DON W S NNIPOWINDDIN .2
.a€(0,1] M INDN .
f(@)=09 100 .1

.f(a)=f(b)-w72,n®¥ f:[a,b] >R NN (27
(x)=f(x)-vT2,a<x <X, <b DMIPY INIIN

.0<r<1>m [a,b] yopa NN MIPNY z(x) >N (28
.z(c)=rz(a)+@-r)z(b) O»PNN YMIY ,YOPI ¢ YW INDIN

: DONIN OXPYON DY DY (29
N9 > Asinx+Bcosx =Csin2x IXNIWND NN LN
Lf(4)>21(2), £(0)>0 Mm»pPHNn x YOO NN f(x) NN .2
.f(2c)=21(c) -¥ 70 ¢c DPW INN
LF0)=1 f@Q)=2 no»pnn x 995 NNy f(X) NN D

1
. f(a) =~ VT2 a DYPYINIM

X OO0 M fPNPN (30
: TIN2N NNONN NN W PNPNY
.DMNYH PPTI SPNON T DY HAPNN PWNN TIY 9O
9N NPNY NI NN I8P 2D INDIN

NIYD Mvn

[011] «8

ND 2 f(0)=-1, f(2)=5 .8 (9
NN MONRY N 30-10 MONWY 7-1 MONRY
GooL..co.il INND 191N INT MVIDI NINDHN MNIWND

80 WWW.GOOL..cO.il 95 103291 1T 110702 NN 1NaY
© MO N — N AND




5 P19 GOOL 11T VOVN - TPEPND HY MDNT

nmaxn NPXpna 2v mavia Nnon

MHNY

JINY NN ,NND) XD IN I NIYON OND PYD Y51 vap (1
: NNV, [0,1] YOPI NITINN NIIPN NDOP

0NN XD DN L,YPN N

98T ND YAN , TPINVINN

.MON NY DAN ,7NVMIN

98T NY YAN ,NMIoN

MIDN XY DAN NN .

LDAND TIT MN2AYY Y520 MDDV NPAPNN NINN

XY ND DAN DO DIPOPN NYAPN

.DIOPN NOIAPN XD DAN NONT .

JOP R NNNNNY ,NNION

JOP NPXR NINNNY NN D

,MNIONN NOYA 5AN N YOPI NN NPN.ND
YOp N, f 1Yy, [0,1] yopn nnnv

J 4 L u

G 9 4 o

.xe[a,b] 995, f(x) >0 NYMPNN , NN PIPNS f :[a,b] >R NN (2
.xe[a,b] 999, f(X)>a-¥ 10, >0 DPPY ININ

0P lim f(x) 0 N ,NNI PPN f:[0,0) > R NN (3
DN f -wInom

, X, X, MTIPIONY 930V PN MDXINPIPNS f,g:R >R P> (4
F(G)=09(%) DMIAYY X <X, <X, NTIPI NNDMP X <X, MNIPNN
X 999, f(x) = g(x) "IN

Dy 8PN f:[0,1]1— (0,1 >nn (5
[0,1]-2 NN XD f -w NN

XeR 935, f(x) = f(X*) NOOPHY , NN PN R >R N (6
VI NPNS f -w NN
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, F(x+y)=f(X)+ f(y) DOPnY N8I ISPNY R >R AN (7
X, yeR 995
XeR Y29, f(x) = f(@)x > INDIN

, KOwnm yap 0»pw nodd, (a,b) YOPa NITHINN INPNS f(x) NN (8
1 NPV MNIN OOPNN, (a,b) YOPI, X, -1 X ,MTIPINY DOV T
| 00)— F(Q) IS K X=X |
.(a,b) YOPA NN f(X) 2 INDN
DY DYI7T YNV NOIND YD) *

200NN DINPND NTIPI W IR NOYNN DINDD DI5W NN (9
:MDINA
, X, € R NTIPI NP IR TN NOYNN D f ORY ININ

XeR D35, f(X)= f(x,)-¥ 1o

13NN 2-) X DX9Y02 (10
JPON NDIONNY DMDIPNT DY NITO NNMP OYUNN 1900 DOV X
JPON NDIDNNY DPIINNI-OIN DY NITO NNRMP OWNN 19010 HDIOW .2

1 xeQ
. XeR NTIPI Y92 N9NY XY 1PSPNONW NN . f(X) = 0 xeQ )
X¢&

99777 MNP INIPI NNT TPXPND : NIV

na

197990 IN NN (11
.C TP NN | F(X)] IN,C NTIPIA NN f(X) DN .N

.C NMPIA NPT f(X) WN,C NTIPIA NN | f(X)] DN .2

: 309930 13-12 NYNYA

ON f N2, X, DY N2I0 NNOP IN, X, -2 NN f ON (12

CF(x)>0 nav, x, H¥ N0 NP N, f(X,)>0 ONY, X, -2 NO¥Y f ON (13
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, F(a) = g(a) MM»pnn MONI NPSPNS f,g:R—>R »m (14
.DNONHOVNN a MY
() #g(x) DAY, a YW N0 NOMPY ININ

nwn
:TIN2N MYV NN DI 121N 5291 NY )N

.ONonOwNn a My, f(a) =0 norpnn nexyrspne R >R »nn
T (X) =0 nav,a Hv N2220 NPV ININ

.g(x) =0 unpy vws
AINND PYDA /OM»IIAN TIY LAV RWIN NNN NNINND NIRY WHNWI 1T MYLA

, g(X) TPNPNAN NN, A NTIPIA NN F(X) MNP DN YD NN (15
—C f(x)<—c
a NP NI 0N, g(x) =3 f(X) | f()I<c »P Oy nYTININ
c f(x)>c
.NYDD 2N 19010 ¢ TWND)

X)) =9 x TPNPNN NN (16
—-e x<1

CF7H(X) INOINYD ;)0 DX .ANYTIN DNNA 129N f ONNIPTA

OO MVn

i -1<x<0

F(x)=d x+1 (16
—In(x+e’l) x>0
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nMXnNn vy

MHNY

,[-2,3] yopa MN8N VW NI L X -2x7 —x+2=0 PNNWHN NN (1

MNIVIN 67T DY IRNYNIN DY ANPN YNV IRNND
YWD PPN

X =Xx=2=0 :IXNWHIN M (2
DNNYNN SV YNV 200N ,1 DY NIY NI 1NNV YOP INSD N

YNV DY 27PP RINNDD YTI VNI ¥ MNNN NVOYW DY NPXIVIR DN .2
10.001 Sv pyTa

.0.001 v PYT2 DNRNNY YYD IR VN )

.90 DN ¥ MSNN NVIY DY 120NN PVLIDA : NIV

NOYD Mvn

007 (1
x=1.520 .» 10 2 [12] N (2
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MXPa 7Y N1, NN NN

A% Moy

YTRD NOW MDY 190N N2 THOIW 29D ;NPT MIRNDIN 297 NPXPND NP NYTY ¥ Mt ol
ANID NIND T2 AINX P ,RYDN DX TINOD ,NIN PI9Y DI NIAYD XTI NNT

"HIINY

:THNN 29 DY NN NP DY NITIN NN H1IIVN 6-1 MONYI
1

f(x)=sin4x (3 f(x):x_+1 (2 f(x)=x*+4x+1 (1
f(x)=«/x+10 (6 f(x)=Inx (5 f(x)=e* (4

F(X)=x(x=1)(x=2)(x=3)---(x—44) > P ON, f'(0) NN WN (7
f(x)=2x(]X+1)V1+x+x* D PMOK, f'(0) Nx1awn (8

-2(0)=1, limz(x)=4 qwN f(x)=x-z(x) M NM DX, f'(0) N AWYN (9

Ix=1 x>0

f(x)= , :TPIPNON NN (10
—(x+1)" x<0

19X TPNPNON N2 MTIPIN DI NN INSD N

X =1 NTIPI2 NI NNMN MINPNON ONRN NN NITIN D OYIPTA A
I NP PIYVN OM”P ONN

1
x"sin= x=#0
.oyav n) f(x)= X (TPNPNON NN (11

0 x=0

X =0 NTIPIA NV MMSPNON N DY DI ION MY .N
X =0 NTIPIA MOONIA NP TPXPNON N DY DIIWIIN Y .2

SVMY 5552 WNHNYND MOON DN Nt PIoa *
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1
x"arctan= x=#0
.0¥av n) f(x)= X :TPNPNON NN (12

0 x=0
X =0 NTIPIA NV MMSPNON N HY DI IPN MY .N
1x =0 NTIPI2 MIINIA NPV PPN N HY DWW IR NAY .2

: DYNAN MM NN H1IVN (13

1+X
. e —e . In(4+x)-In4
lim A Ilm—( )
x—=0 X x—0 X

DI NN . X, NTIPIA NP f o M (14

Fi(x,) = lim ~ =1 00)
oX X=X

N

2 2
2%, (3) — 3 T () = lim X1 =% 100

JONOX 10N N NI o P (15

: [a,b]-2 X,y 935 nn»pny [a,b] -2 NYTHINN PPN NN (16

JT)- (- x=yP
NI DRIV [a,b]-2 ™ N

x> xeQ
=1, :TPNPNON NN (17
X* xeQ

DTN YY (X)) NN IAVN

0
DTHNN ALY (X)) INIAVN

—1)2
f(X) = {(X ) xeQ L TPNPNON NN (18
XeQ

F(x) :‘sin5 x‘ INPNAN NNN) (19

CF(x) N avn N
() =0 Y7y MTPIN 95 NN INYD .2

SV 5552 WNRNYND MOON DN Nt PIoa *
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1199990 N INDIN (20
XemADPDIPR f=g+hIN, X, -2 NPV NN g-) Xx,-2 NP h OX .N

XA NPVNIPR f=g+hIN, X -2 NP NPN g-) X,-2 1PV NPXR hDON .2
XA NPRNPR F =g -h I, X -2 NP PN ¢-) X,-2 NP NPX hON )
XmA NPV NN f=g-hIN, X, -2 NP NPN g-) X,-2 710D hON T

: 199990 IN NN (21

.Iimn[f(x+%j— f(x)}: f'(x) ax,nM f OX .N

n—o0

. 1
P IR OO OMP hmn{f (X+_j_ f(x)} DN ON .2
n—o n

195990 IN NN (22
im £ (x) =00 W, lim f(x) =0~ (a,b)-2 7PN f ON N

x—a*

im f(x) =0 W, lim f'(X)=0-) (a,b)-2 7PN f ON .2

x—a*

f(X)—7-10(x—4)

. |il‘q 4 =0 PN, Xx=4-1NPXT f (X) D YN (23
X—> —
. F'(4) nNHHvm , X=4-11D7%) f -v NN
_f(x)
. |In;IT =0 NOPNN x=0 NTIPIN NI>201 NN NINPND f >nn (24

. f(0)=0 N X
. f'0)=0-) x=0-2 0P f 5N .2

F'0)=k = £(0)=0 >3 nn,7vn 525y NP MNPN foOonn (25

X—>0

Jdimx f (Ej =k »Inomn
X

X DT PR PN f IR >R ONN (26
Xomann | owindin, f(x)=0 ON X
NOW YOI X -2 P | T 9D 191w NN, f(%) =0 DX .2
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Xy ITIPI MV NVIPNS f,g:R >R NN (27
.xeR 939 h(x) =max{f(x),g(x)} PN
XmA MM h N, F (%) # g(%,) DRV ININ

RAamam ospns fonn (28
.f'(0)=0w,0-2 0PN f DN INOM
MY OXD3T XNV NING  NIYN

LT Oy) = (X)) + f(y) m»pnn f:(0,0) > R 8PN NN (29
X,y €(0,0) 999
X=1 TP nyn f oo npm

.f&]: F(X) = F(y)-) (1) =0 I .N

f'@
.f'(x)z% ,X>0 990wy, N f DN A

NHMPHRN NP TINPNS T 33 NIy (30

f[x+yj: fO)+ f(y)
L2 2

JOIRDY NN f -w N

: DYNAN DOYON DY Ny (31
: NN MIYOLN DN NN N
f (XO +an)_ f(Xo)

n

f'(x,) = lim N, XA PN f N
n—oo
.a, >0 MTO Y35
@ =1, %=1 nTPranvumspnd f:R->RoONn A
N, ke N DXYININ

.rlirgn[(f(l+%)+ f(L+2)+..+ f(1+§))—k]:@f’(l)

n—o0

1 2 10
dim n{e” +e"+..4+en —10} 990 INAVYN )
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: DYNAN DOYON DY NY (32

NPT NONPNOY NN .N

1 X
.DPN YA NPV NRD D(x) = {0 y Zg

X=1NT2 P 1 f(X) = (x—=1)2D(X) MPEPNONVININ .2

X 999 [£(x)| < x? p»pn f(x) 8PN (33
X =0-2 7N MIPNINY NN

X 999 [f(x)|<sin®x no»pn f(x) MNPNa (34
MY MTIPI NDINA NI DINPNONY NN

X" NPV PNPNS f NN (35
f(x,+h)—f(x,—h)
2h
,OMP R PYDANDNY IMNI, f N9INT TPXPNS OW NHNT NN .2

OPP IR (%) TN

(X)) = ng D INMOIN N

_f(x,—2h)—f 3h
im (% )h 0+ )bmn X (%) MYNHNIWIAN )
- X, =2 DY NP TINPNS f NN (36
£7(x,) = lim 0% +h)‘2fh(zxo)+ =M 5 ymin

,OMP R PYDA NIV ININD, f IXPNIOY NHONT NN A
OPP IR (%) TN

JOV9D 59 KWNN N0 INK PN PYD NN TN : NIYD

.Z(X) = (x—a) f(x) PYTN PPN PN, x=a NTIPIA NN f(x) D M (37
: 129970 IN NN
LX=a NP NP z(x) MSPN N

X=a-2n98y z'(x) .a
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OO MIvn

f'(x)=4cos4x (3 f(X)=—(X+1)2 (2 f'(x)=2x+4 (1
10 —— f(x)== (5 f(x)=e @
2Jx+10 X
4 (9 2 (8 144 (7
TIPIOOIN PIYN O . X =1 NTIPIANPIND .2 L X 999 NoXNY N (10
n>2.1 n>1.8 (11
n>1.2a n>1.8 (12
e .1 1 N (13
4

NN NONY (14

.INDN NORY (15

f =0 .nN21 NORY (16

.1'0)=0 :0»pnm, x=0-2 P NP PIPNON (17

'@ =0 :0”pnm, x=1-2 P71 NP PIPNON (18
5sin*xcosx 2nzr<x<(2n+1)x

X==n . f'(x)= 0 X=nr N (19
—5sin* xcosx 2n+Dz<x<(2n+2)x

.IN2YN NORY (20
NN NORY (21
NN NORY (22
NN NONRY (23
NN NORY (24
NN NORY (25
NN NORY (26
NN NORY (27
NN NORY (28
NN NORY (29
.IN2YN NORY (30
55 DN NORY .2 .INDN NONRY N (31
NN NONRY (32
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.NOYN NONRY (33
.NOYN NORY (34

—5f'(%) f(x)=|x| .2 NN NONY . X (35
-1 x<0

f(x)=sgn(x)=40 x=0 .2 NN NORY . N (36
1 x>0

.NOYN NONRY (37
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NPTTX-THh NINTA

MHNY

NOW 29NN NMITIPIA NOXON PXPND DY M) NPYTAD MNY DIVT >NV IIND (1
(PPN NNON NASNNN NAY NTIPI)
X*+8x x>2

TN MOV ONY OXTI2 MDY f(x)=1 TINPNN IVWNNYN
X" +12 x<2

9N MVIVN NNN D52 WHNWND ¥ YNN 171010 ,90N02

2INANY TIT 992 ,109THN DINN2 NN M) DX IPTL 9-2 MONWA
PSPNONN NNX DI DY NITHN NIAY DNON MY 90N

x> —5x x>2 X% —4x X>2
f(x)= (3 f(x)= (2
(%) {x3—14 X< 2 (%) {x3—14 X<2
In(1+2x) -05<x<0 X2 +8Xx  x>2
f(x)= 2( ) (s f(x)=1", e
X"+ 2X x>0 x> +12 X<2
f(x)=3x*+x|x+1 (7 f(x)=2+4x-1 (6
2 1 1
f(x): X smx x>0 © f(x): xsmx x>0 @
0 Xx<0 0 Xx<0

X =0 NTIPI2 OMNHYI NP § NORWN MINPNIN ONNIPTA (10

Ix+1 x>-1

f(x)= 8PN NN (11
1
—+a x<-1
X

1x=—1 NTIPIA NN FPIPNAN a NAPN SV TIY NHON NIY .N
DRN NN NITIN 29 5Y IPT /N PYDI NYDPY a-nN Ty Ny .2

X ==1 DMPI12 NI NN MIPNON
T NP PEYVN DMP ONN

VMY 552 WNHNYND MOON DN Nt PIoa *
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NTIPIA NI NNIN TPXPNN b -1 a DWNIAPN DY DI IR NIY INND (12
In*x O<x<e
f(x) :{ 9900
ax+b x>e
NIINN NIY NNON MY ,IONX DI NIY

NTIPIA NI NNIN PXPNON b -1 a OOWIAPN DY DIV ION NI NS (13
e 0<x<1
f(x)= :990N
ax+b x>1

NIINN MY NNON MY ,IONX DY N1AY

, 1
x“sin—+4x x<0
BOE X :TPNPNON NN (14

pX+q x>0
(NN TOPSPNON g =) P OOWIAPN DY DY IPN NIAY Wap
1D NN N

() =[x* =x* +sin(10x) -1 :P¥PNON MY, f'(0) NN 2WN (15

:TPNPNON NN (16
0 XxeQ

2UNN X 930 NPT RD INPNINY ININ

.f(x):{ |coszx| xeQ

(B5wun 799n) NN

;AN DITHN DHWN 70000 DR X OWNN 1901 939 1tnn [X] oDwn 7Ivn nospng
4.1 =4, [-4.1]=-5 :5vnd .(NVn 355 NYIYN) X -9 NV X OPY

L F () =[X]-[-x] P8pNnoan NN (17
(X)) NOHIvN

T (X) =[x]sin(zx) MP8PNON NN (18
Annra Yy f(x) NNHIAIYN

£ (¥) =[x](1-cos(zx)) 8PN NN (19
Cf(%) PNOHVN
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X 999 | (X)|<x* nvpnn mypna non f orw NN (20
x=0-217Pn f X

X, =0-2 1987 NPNd f NN (21
.f(0)=0 DX PN ON X, =0-2 1™ z(x) = |x| f (X) M¥PNAN 73 IO

X, € R DW NNDN 122202 MITINN NPSPNI NV g-) f v (22
£ 122797 N NN
1 f_l(xo) = g;(Xo)'] f(xo) = g(xo) ON .N
f(x) x<x,

YO HY NYTIND , 2 TPXPNON TN
g(x) x=x,

X -2 W, 2(X) :{

yR-277P0D g:R>RA x,-20PNN f:R>R OX .2
RV MIPN go fIN

DV NNDN N2>202 MYTIN f MNP X, -2 PN NP g DX )
Xom2 P P fog N, g(X,) -2 PN NI g(X,)

.DXYON P WP PN NN

LR TImMN NRSpNs g-y o nnn (23
X>Y 9991 , R -2 19X 78PN NN g -Y )N
. fFOO-f(y) _ g(“ yj D»PIMD
X—Yy 2
CF(X) =g(x) DYpnnoOvNn x Do5WY,R-2 0P f ) nomn

1_—X Xx>1

=1 X PNPNON NN (24
%—arctanx x<1

WY MY NPT X
F7H(X) INOINSD L) ON.ANITHIN DINNA 19N f DNNIPTA .2
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OO MIvn

fI(X):{Zx+8 X>2 1

3x° X< 2

2x—-4 X>2
f'(x)= 2
() {3x2 X<2 (

2Xx-5 X>2
f'(x)= 3
(x) {3X2 X<2 ¢
f() 2X+8 X>2 @

X)=

3x2 X< 2

2 -05<x<0
f'(x)=11+2x ' (5

2X+2 x>0
f'(x)=4(x>1) , f'(x)=-4(x<1) (6
f'(x)=8x(x=0) , f'(x)=4x(x<0) (7

sini—lcosl x>0
f(x)=5""x x x (8
0 x<0
1 1
2XSin——Ccos— x>0
f(x)= X X )
0 Xx<0

.x=0 NTPI2 O»NYa NP XY (10

POVN OYPRY .NPIIND A a=1.N (11
§In2x O<x<e
f'(x)= ;‘ a=3/e b=-2 (12
- X=e
€

a=e b=0 (13

q=0,p=4.2 q=0.x (14
-10 (15
NN NORY (16

0 XegZ
f'(x)= 17
() {undefined xeZ ¢
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£1(x) = [X]COS-(ﬂX)ﬂ X¢&Z (18
undefined xeZ
[x]sin;zx XeZ
f'(x)=<0 xeZ, xeven (19

undefined XxeZ, x odd
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i -1<x<0

X+1

f(x)= u} X #1930 NP X D30 NN N (24
T 3z

tan| ——x | O<x<—

(4 j 4
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tanh(x) =

coth(x) =
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1
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x>0 o
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Convergence of a Sequence, Monotone Sequences
(NM1TO)

Questions

1) Let A be a non-empty subset of R and « =inf A. Show that there exists a
sequence (a,) suchthatan a, e Aforall neN and a, >« .

2) Let A be anon-empty subset of R and x, € R. Show that there exists a sequence

(a,) in Asuch that [x, —a,| > d(x,, A) . Recall that d(x, A) =inf {|x—al:ae Al

3) Let (a,) be abounded sequence. For every ne N, define x, =sup{a, :k <n}.

Show that the sequence (x,) converges.

Cauchy Criterion, Bolzano - Weierstrass Theorem
4) Show that a sequence (x,) of real numbers has no convergent subsequence

if and only if |x,| —> oo.

5) Let (x,) beasequencein R andx, € R. Suppose that every subsequence of

(x,) has a subsequence converging to x,. Show that x, — X, .

6) Let (x,) beasequencein R . We say that a positive integer n is a peak of the
sequence if m>n implies x, > x_ (i.e., if x_ is greater than every subsequent

term in the sequence).
a) If (x,) has infinitely many peaks, show that it has a decreasing

subsequence.
b) If (x,) has only finitely many peaks, show that it has an increasing

subsequence.

c) From (a) and (b) conclude that every sequence in R has a monotone
subsequence. Further, every bounded sequence in R has a convergent
subsequence (An alternate proof of Bolzano-Weierstrass Theorem).
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Continuity and Limits (maxm m212x)

Questions

1) Let lim-52=5. Show that lim~2=0.

2) Let f:R—R and x, € R. Suppose lim f(x) exists.

Show that Iirrg f(X+X,)=lim f(x).

3) Let f(x)=|x| forevery xeRR.Show that f iscontinuouson R.

4) Let f:[0,7] >R bedefinedby f(0)=0 and f(x)=xsini—21cosi for x=0.

Is f continuous?

5) Let [-] denote the integer part function and f :[0,0) - R be defined by
f(X) =[x*]sin7x.
a) Show that f iscontinuous at each X # Jn, neN. [Here N includes 0]
b) Show that f is continuous at each x=k e N..

c) Show that f is discontinuous at each x = Jn, neN such that x ¢ N.

6) Letthe function f :[0,1] — [a,b] be one-one and onto. Suppose f is continuous.
Show that f ™ is also continuous.

7) Let f:(0,1) > R be given by

L ifx=2 where p,q e N and p,q have no common factor
f (X) —J4a q

0 ifx isirrational

a) Suppose x, — x, for some Xx,, with x = x forall neN, and suppose

X, = g—n €(0,1) where p,,q, € N have no common factors. Show that

n

limg, =oo.

n—oo

b) Show that f is continuous at every irrational.
c) Show that f is discontinuous at every rational.
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Existence of Extrema, Intermediate Value Property
(oxLYAIM vawvn 012N )Y vavn)

Questions

1)

2)

3)

4)

5)

6)

Give an example of a function f on [0,1] which is not continuous but satisfies the
IVP". "We say that f has the property IVP [Intermediate VValue Property] on [a,b] if
for every x,y €[a,b] and « satisfying f(x)<a < f(y) or f(x)>a > f(y) there
exists x, €[X,y], such that f(x,)=«.

Let f :IR — R be a continuous function. Show that f is a constant function if
a) f(x) isrational for each xeR.
b) f(x) isan integer foreach x€ Q.

Let p(x):R — R be a polynomial function of odd degree. Show that p is onto.

Let f,g:[0,1] > R be continuous such that
inf{f (x):xe[0,1]}=inf{g(x): x [0,1]}.
Show that there exists x, €[0,1] such that f(x,)=9(x,) .

A cross country runner runs continuously an eight kilometers course in 40
minutes without taking rest. Show that, somewhere along the course, the runner
must have covered a distance of one kilometer in exactly 5 minutes.

Let f :R — R be a continuous function.
a) Suppose f attains each of values exactly two times. Given:
f(x)=f(x,)=«a forsome x,X,, R, and f(x,)>a for some
X, €[X,X,]. Show that f attains its maximum in [x, X,] exactly at one point.
b) Using (a) show that f cannot attain each of its values exactly two times.
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Mean Value Theorem, L'Hopital's Rule, Differentiability
(M 2va? 222 ,'TaNA? vawn)

Questions

1) Does there exist a differentiable function f :[0,2] - R satisfying
f(0)=-1 f(2)=4and f'(x)<2,forall xe[0,2]?

2) Let f:R— R be differentiable such that for some o € R, ‘ f '(X)‘ <a<l

forall XeR. Let a, € R and define a sequence (a,) recursively by
a,, = f(a,).Showthat (a,) converges.

3) Let f:[a,b] >R be differentiable and let & € R be such that
f'(a) <a < f'(b). Define g(x) = f (x) —ax forall Xx<[a,b].
a) Show that there exists C €[a,b] such that g'(c) =0.
Hint: prove by contradiction, noting that g’(a) <0 and g'(b) <O.
b) From the above, conclude that if a function f is differentiable on an
interval [@,b], then ' has the Intermediate Value Property on [a,b].

4) Suppose f :[0,1] — IR is continuous and E f()dt =1.

a) Show that there exists C € (0,1) such that f(c)=1.
b) Show that there exist ¢, = c, in (0,1) suchthat f(c,)+ f(c,)=2.

5) Let f:[0,]] > R be such that ‘ f '(X)‘ <10 forall xe(0,1) and let (x.) be
asequence in (0,1) satisfying the Cauchy criterion. Show that the sequence

( f (Xn)) converges.

6) Let f:[0,1]] >R and a, = f(%)— f (ﬁ), n=12,...
Show that:

a) if f iscontinuous, then Z:zlan converges;

b) if f is differentiable and ‘ f '(X)‘ <1 Vxe[0,1], then
ZL a, (cos n)\/ﬁ converges.
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7) Let p(x)=a+bx+cx®. Find all values of a,b,c e R for which the function
p(|x]) is differentiable at 0.
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Power Series, Taylor Series (m2»v v mprn M)

Questions

1) Let f:(a,b) > R be infinitely differentiable and let X, € (@,b). Suppose that
there exists M > 0 such that ‘ f(")(x)‘ <M" forall neN and X (a,b).

Show that Taylor’s series of f around x, convergesto f(X) forall X € (a,b).

1
2) Let (a,) be asequence of nonnegative reals and suppose that (an") isa

bounded sequence. For each n, define A, :Sup{ak% ‘k>n}.
(A,) converges since it is decreasing and bounded below (by 0).
So A, —> L forsome L >0.

a) Show that if L <1, the series Z:Zlan converges and if L >1 the series

diverges.

o0

b) Show that the radius of convergence of the power series Zn:l n

n - 1
ax Is—.
L
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